I. INTRODUCTION
In the view of relativistic quantum mechanics, a particle moving in a potential field is described particularly with the Klein-Gordon (KG) equation. Solutions of the one-dimensional KG equation have been received great attention for some potentials [1] [2] . The relativistic quantum mechanical problems that can be solved exactly are very restricted [3] . In the present work, we obtain approximate analytical energy eigenvalues, normalized wave functions and scattering phase shifts for the Yukawa potential [4] V (r) = − η r e − αr .
where α is the screening parameter and η is the strength of the potential. The Yukawa potential has many applications in different areas of physics: in high-energy physics as a short-range potential [4] , atomic and molecular physics as a screened Coulomb potential and plasma physics as the Debye-Hückel potential [5] . In recent years, considerable efforts have also been made to study the approximate bound state solutions of the Yukawa potential in the non-relativistic domain by using different methods [5] [6] [7] [8] [9] .
On the other hand, the position-dependent mass (PDM) formalism [10] has many applications in different areas, such as impurities in crystals [11] , the study of quantum wells and quantum dots [12] and semiconductor heterostructures [13] . In recent years, the relativistic extension of the position-dependent mass formalism has been studied by many authors for different types of potentials [14] [15] [16] .
The organization of this work is as follows. In Section II, we study the approximate bound state solutions and corresponding normalized wave functions for the Yukawa potential. We list some numerical results for the cases of PDM and constant mass presented in Table I and II. In Section III, we deal with the approximate scattering state solutions of the Yukawa potential and
give analytical expressions for the phase shifts. In Section IV, we give our conclusions.
II. BOUND STATE SOLUTIONS
The radial part of the effective-mass KG equation is written as [17] 
where ℓ is the angular momentum quantum number, E is the energy of the particle and c is the velocity of the light.
In recent years, the following approximation
has been used [18, 19] instead of the centrifugal term in the wave equations to obtain the solutions with any ℓ values. It has a good accuracy for small values of the potential parameter α [18, 19] . A remarkable approximation is proposed by Alhaidari [20] where the author suggested, for the first time, an approximation for the orbital term 1/r in the Dirac equation not for the 1/r 2 term. By using this approximation, it is possible to find the approximate bound state solutions of the Dirac equation for coupling to pure 1/r vector potentials with any ℓ values for higher excitation levels with more accuracy than using the traditional approximation for the 1/r 2 term [20] .
We define the mass function as
where m 0 and m 1 are two parameters and m 0 will correspond to the rest mass of the KG particle.
Using the approximation given in Eq. (3) Yukawa potential becomes
Inserting Eqs. (4) and (5) into Eq. (2) and taking a new variable z = (1 − e −2αr ) −1 (z → ∞ for r → 0 and z → 1 for r → ∞), we obtain
where
Taking the form of the wave function
and inserting into Eq. (6), one gets a hypergeometric-type equation [21] 
Comparing Eq. (8) with the hypergeometric equation of the following form [21] 
we find the solution of Eq. (8) as the hypergeometric function
From Eq. (7), we obtain total wave function
where N is normalization constant that will be derived in Appendix A. When either ξ 1 or ξ 2 equals to a negative integer −n, the hypergeometric function ψ(z) can be reduced to a finite solution.
This gives us a polynomial of degree n in Eq. (12) and the following quantum condition
It is the relativistic energy eigenvalue equation for the Yukawa potential within the PDM formalism. Defining two new parameters such as
we get the approximate energy eigenvalues as with the ones given in Ref. [22] . We restrict ourselves for only s-states and take m 0 = 1 because of the computation in Ref. [22] . Our parameters η and α correspond to λ and k(≡ ωλ), respectively.
The relativistic energy is obtained as E R = η exact √ 1 − λ 2 − 1 + 1 in Ref. [22] . The same numerical values of η exact is used with Ref. [22] to compare our numerical results. We plot the 1/r and the approximation 2αe −αr (1 − e −αr ) versus r. It seems that the energy eigenvalues have a good accuracy up to the values of η ≤ 0.25 and α ≤ 0.30. Table II presents numerical energy eigenvalues for the case of position dependent mass including also for the case of constant mass
with different values of (n, ℓ).
Now, let us study the results of our formalism for the case of the Coulomb potential.
Relativistic-Coulomb Limit
In the limiting case α → 0, the Yukawa potential reduces to
which is an attractive Coulomb potential received great interest not only in the case of constant mass [23] [24] [25] but also within the position-dependent mass formalism [26] .
In order to compare our results for the bound states with the ones obtained in Ref. [27] , we expand the mass function, Eq. (4), into Taylor series
The parameters b and m 0 used in Ref. [27] are defined as b → M 1 , m 0 → M 0 . Taking the vector part of the potential which is equal to the scalar part as stated in Ref. [27] as V (r) = S(r) = − η r and inserting the mass function into the KG equation including the scalar potential
gives the following equation
The wave function is written as
where we set κ(κ− 1) = A 3 . Thus, inserting Eq. (26) into Eq. (24) and using a new transformation z = 2A 1 r, we obtain
which has the form of the Kummer differential equation [21] xy
So, the solution of Eq. (27) is given by
In order to get a finite solution, the following condition must be satisfied
We get the bound state energy eigenvalues for the Coulomb potential as
where N = 2n + 1 and
This result is the same with the one for ℓ = 0 given in Ref. [27] .
III. SCATTERING STATE SOLUTIONS
Now we turn to the solution of the Eq. (2) to obtain the scattering states for the Yukawa potential. We use a new variable s = 1 − e −2αr (s → 0 for r → 0 and s → 1 for r → ∞) and obtain
Defining the trial wave function
and substituting into Eq. (33), we obtain a hypergeometric-type equation for ψ(s)
The solution of Eq. (35) is a hypergeometric function
From Eqs. (34) and (38), we write the wave function of the scattering states
or
To obtain a finite solution, p or q must be a negative integer. This gives the following equality
which is the same energy eigenvalue equation given in Eq. (17) . We write the asymptotic form of the wave function given in Eq. (43) to obtain the scattering phase shifts. For this purpose, we use the property of the hypergeometric functions [21] 2 F 1 (a, b; c; y
and 2 F 1 (a, b; c; 0) = 1, we obtain the wave function for the limit of r → ∞
which could be written
From Eq. (47) we obtain
and, consequently, the phase shifts δ ℓ are obtained as
IV. CONCLUSION
We have studied the approximate bound and scattering state solutions of the effective mass By using Eq. (17), the wavefunction in Eq. (16) is written
We use a new variable s = z −1 (s → 0 for z → ∞ and s → 1 for z → 1) to normalize the wavefunction. For this purpose, we substitute s →
Using the following equality [21] 
the hypergeometric functions in Eq. (A2) could be written in terms of the Jacobi polynomials
Γ(κ) , and setting α = 2λ 1 and β = 2λ 2 in Eq. (A3), we rewrite Eq. (A2)
where the Jacobi polynomials P
Using Eq. (A5) in Eq. (A4) we obtain the wavefunction
The normalization condition
Comparing the last integral with the following [21]
and setting δ = 1, z = −1, γ = −2λ 2 and ν = 2λ 1 + 2k + 2 we find the normalization constant as 
